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GKS Inequalities for
Arbitrary Spin Ising
Ferromagnets

J. L. Monroe' and A. J. F. Siegert'
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Elementary proofs of the first and second Griffiths—Kelly-Sherman (GKS)
inequalities are given for higher-spin Ising systems with a Hamiltonian
containing only a quadratic form in the spin variables and integer powers of
single spin variables. These proofs are obtained using Gaussian random
variables. A slight generalization of previous results has been obtained in
that the coefficients of the even powers of the spin variables are allowed to
be negative.

KEY WORDS : ising spin systems ; Griffiths, Kelly, Sherman inequalities ;
Gaussian random variables.

1. INTRODUCTION

For a system of N Ising spins attached to points of a lattice €, the Griffiths—
Kelly-Sherman (GKS) inequalities'™ state that

H g > =0 (1)
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where o;, 0;, 0, = + 1 are Ising spin variables associated with the points i, j,
and k of Q, and 4, B, and C are subsets of Q. The bracket { > denotes the
average in the canonical ensemble? with Hamiltonian
H=~>IL]]a ©)
AcQ ied
where J,, is required to be nonnegative for all 4 = Q. These inequalities have

been generalized to the case of systems having spin variables s;, where
S =p,p—2,..,—p+ 2, —p, and to products of spin variables

st = Q (s @

where §; is a multiplicity function assigning to each site i € Q a nonnegative
integer. The inequalities then become

% 20 )
and
(5857 — <s°Xs")> 2 0 (6)
for systems with the general Hamiltonian
H= =3 Js* @)
u

with the restriction J, = 0 for all x.?

We present here a rather simple proof of the inequalities (5) and (6),
using the method of random variables, for the case of the higher-spin systems
with Hamiltonian

N N
H=—32J@N)8 = 2 bn 2, ()" = 2 pn 2 (5" ®
#i crgd =1 evnen =1
where m and n are, respectively, odd and even positive integers, J(i,j) = 0
for all (i, j), b, = O for all m, and J(j, i) = J(i, ). The Hamiltonian (8) is
more restricted than (7), for which (5) and (6) are valid in that the method of
random fields restricts us to the pair interaction. However, while previous
proofs of the inequalities have relied on first proving them for a spin-}
system and then, by use of Griffith’s weight functions,® expressing the
higher-spin systems in terms of spin-} systems, the following method deals
directly with the higher-spin systems. (The case of s; = +1 is presented
separately in the following sections before the general spin case only for the
purpose of first illustrating the proofs with a minimum of computational
difficulties.) Also, in the previous proofs of the inequalities a necessary re-

2 To be distinguished from the average { )4 t0 be introduced later.
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quirement was that all interaction coefficients be nonnegative. Here this
restriction on the factors p, is dropped and these interactions can take on any
value.

The method of random fields has been used by several authors® for
the investigation of the neighborhood of the Weiss limit. It is based on the
identity®

eXP[% Z Exoeré z]
e

= (2m)~¥3(det )~ /2
% Jf {exp[ -1 ; x(e™ VX, + 2 ijj]} fj dx; )

valid for any symmetric, real, and positive-definite matrix «, and for any N
complex variables £,. The sign of (det «)~1/2 is to be chosen positive. The
right-hand side of Eq. (9) can be considered as the average {exp > =1 X;£,> ava>
where { >4, denotes the average with respect to the probability density

N

Wi(x) = (2m)~"'*(det o) = eXp[—% xk(a“l)kzXz] (10)

k,i=1
where x is the vector with components x;.
One derives from this easily the averages

< ﬁ > {O for nodd

Xy = g for neven an
i=1 Ava pa.irzingsn *
where the numbers /; are positive integers less than N, not necessarily distinct,
and st are pairs of numbers /;. The sum > i ines €Xtends over all the different
ways of dividing the numbers /; into different pairs (sz and #s are considered
the same pair). For example, {x;X5> = a5, {X;X3%xy) = 2010004 + 014050,
and (X3 XgXgXs) = 015054 + 0yg0tay + 4095, Clearly if all elements of « are

nonnegative, then
N
GEDEL a2
i=1

where all n; are nonnegative integers.®

The identity (9) can be used to rewrite the Boltzmann factor e~ 44, by
identifying the variable £; with the spin variables s, and forming a matrix
J = « with off-diagonal elements J(i, j) and all diagonal elements equal to a
number J, = J(i, i) large enough to guarantee that J is positive definite. The

3 Leff®™ used this fact to prove GKS-type inequalities for oscillator coordinates.
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Boltzmann factor with the Hamiltonian (8) and 8 = 1/kT is then

exp —BH = <exp > {/slfzxksk LB sy + B S s

even

- 06}y 13

Here we only assumed.J to be positive definite and J(i, j) real and
symmetric, J(i, j) = J(j, i). Also, the dimensionality of the lattice Q does
not enter; in fact, £ need not be a regular lattice, but any set of N points.

2. THE FIRST GKS INEQUALITY

The following restricted theorem for the spin-} case is proven before
the general theorem which follows.

Theorem 1'. For the case when s; = +1, J(i,j) = 0, and %, > 0 the
following inequality is valid: {s;> > 0.

Proof. For the case of 5; = +1 the terms p, and 4, with m > 1 are
irrelevant. Therefore for the thermal average {s;> one has from (8) and (13)

Zy<sy = (2m)~N(det J) =2 [exp(—1NJoB)]

X z fj dvx eXP{ -3 z x(J 1) klxl:l

{s} e,
N N
< RloE ) exp B2 S x4 B > ] (19
k=1 k=1
After the sum over configurations {s} is carried out this becomes
Zys> = Qmexp BJy) ~V3(det J) 2 ff d¥x

x {exP[ -3 Z xk(']_l)klxl:l}

X {[8/8([31’2xi)] ﬁ 2 cosh(B"2x;, + Bh)} (15)

It remains to show that the right-hand side of (15) is nonnegative. By taking
the series expansion of the cosh terms and performing the partial differentia-
tion, it is seen that the expression in the curly brackets becomes a summation
of terms of the form C(ey, ay,..., ay)x$1x%2...x5¥, where the «’s are non-
negative integers and C(ey, ag,..., y) iS @ nonnegative constant given that
Ay 2 0. Therefore the r.h.s. of (15) is a sum of terms of the above form
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averaged with respect to the probability density (10), with « replaced by J.
By (12) one has that the average of x{ixgz...x3¥ with respect to the proba-
bility density (10) is nonnegative given J(i, k) = 0 for all (i, j). Hence the
r.h.s. of (15) is a sum of positive terms and the theorem is proven.

The general theorem follows:

Theorem 1. Given the Ising system of Section 1 with Hamiltonian (8),
the following inequality holds

%20 (16)
whenever J(i, j) > O for all (i, ) and 4,, > 0 for all m.

Proof. Calculation of the thermal average of s° using (8) and (13) after
performing the summation over {s;} gives

 Zy(s% = m)~Vi2(det J)~ M2 f f d¥x eXp[ —3 ; x(J77) uxt]
I [aﬁt/a(ﬁlfzxi)ﬁi]{g B
+ 3 2fexp [ 3 o] oot 5s + 8 3 bt}

si>0
a7

where the term J;, has been included in the p, term and the 8, , is the usual
Kronecker delta. It should be noted that the cosh terms appear because of the
fact that if 5; = +g¢, there is also the term 5; = —gq except for the case 5; = 0,
which gives rise to the 8, . The proof now follows as before: After expansion
of the cosh terms and differentiation, the right-hand side of (17) becomes a
sum of terms of the form C(ay, ay,..., ay)x$2xg2... x5, where Cis a positive
copstant, averaged with respect to the probability density (10) and hence
positive.

3. THE SECOND GKS INEQUALITY

The second GKS inequalities are now proven beginning with the simplest
inequality for the spin-} system.

Theorem 2'. For the case where s; = +1, J(i,j) > 0, and A; > 0 the
following inequality holds: {sus;> — {s;>{s;> = 0.

Proof. As in Theorem 1’ for the case of 5; = +1 the terms u, and A,
with m > 1 are redundant. Therefore for the above inequality one has
from (8) and (13)
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ZP1(sis5 — {sipdsp]
— @m)F(det J) exp (—NIPI S S f f d¥x dvy

{8} {s'}

x CXP[“% 2 xk(J_l)}clxl] eXP[ ~% Z .Vk(J—l)ktJ’z]
it K1

y 0 7] 0
aB x| 0B Pxy) — OBy,
N
< exp 3 I6%(ous. + 5:4) + BAGs: + 51
k=1
Defining new variables

Me = (1/\/—2-)(3% + Vi) & = (l/ﬁ)(xk = Vi)
one can rewrite (18) as
ZP[Ksisp — <8i<s3)]
— (@m) et ) exp(~ NI . > [+[ d g

{s} {8")

X exp[——% kz Uk(J—l)le}z] exp[—% Z §k(J—1)kt§z]
»l k,l

X ( 7 + 0 ) 0
ol2B) )] ol(2B)2¢,] ) L3R 7€)]
X eXP{ Z [BY2(sexi + 5c'vi) + Bhlsy + Sk’)]}

Performing the summation over {s} and {s'} gives
Zy?[Ksisi — <s<sp)]
— (@n) et ) exp(—NUf)] [+ dn e

X eXP[—% kz; ")Ic(']—l)kml] exp{—% kz fk(']hl)klfl]

e 72 ()

« T'T (2 coshl(28)*n, + 284] + 2[cosh(28)%¢,]

(18)

(19)

(20)

@n

As with the case of the first GKS inequality, the right-hand side, after expand-
ing the cosh terms and taking the partial derivatives, is a sum of terms of the

form

, , . ,
Coty yuuey yy 007 5unny Ay )7]'{1---7)%” a1, EEN
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with the constant C positive for 4, > 0. The %’s and £’s are averaged with
respect to their respective Gaussian averages and again as in Theorem 1 these
averages are positive. Hence the positivity of the right-hand side of (21) and
the theorem is proven.

The general theorem for the second GKS inequality follows:

Theorem 2. Given the Ising spin system of Section 1 with Hamiltonian
(8), the following inequality holds:

{507y — (5%<s"> 2 0 22
whenever J(i, j) > O for all (4, j) and A,, > O for all m.
Proof. Using the new variables ¢, and », of (19), one has
ZP[{s%™) — <sP<s]

= (2m)~Y(det J)~* > sz dv¢ &

{s} {8}

X exp[ -1 Z 'r}k(J_l)km,] exp[ -1 kzl fk(‘]—l)klfl]
g H {[(2/9 = (7 22 [(2/31—’]

i i N — —a‘ —_ ﬁ- " 112 1yt
* [(3771' * 35:') (577; 857.) ] explfH2(six; + 531

B3 bl + 60 + B o) + 60|} @
o'gd ev’zm

The remainder of the proof consists in rearrangement of the derivative terms

and those terms involving s; and s,” to obtain the right-hand side of (23) as a

sum of positive terms. First the negative terms of the derivatives cancel and

give

7 0\ 0 e w)! o \vi—r{ 0\?
v ae) -~ - ae) = 22 o mlen) ()

The terms containing s; and s;” can be written as

24)

Z exp{ﬁm(sx +5) + 8 Z Bal(s)™ + ()] + B Z pn [(S)* + (s )ﬂ]}

d even

-5 cosh[(%ﬂ)lfz(s #5964+ B D Al + 71|

x cosh[(38)"2[(s — 5] exp{/s Sl + (s'm} @5)
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Therefore, as in the previous proofs, by using the series expansion of the cosh
terms, if &,, > O for all m, then the right-hand side of (23) is a sum of terms of
the form

C0g ey Oy 01y, 00y JFLee GV E93° 0 LON

with C(...) > 0. The products of the variables £ and %, averaged with
respect to Gaussian probability densities in 5 and £, are positive if J(i, /) 2 0
for all (7, j).

4. SUMMARY

Elementary proofs of the first and second GKS inequalities are presented
for Ising models with the Hamiltonian

N N

H{s) = =3 2 JGssy = 2 e D ()" = 2w 2 () (26)
i urc'izd =1 e‘;len =1

where s, =p, p — 2,..., —p + 2, —p,J(i,j) = 0 for all pairs (i, ), and

hy = 0 for all m.* No positivity assumptions are needed for the factors p,,. The

proofs use the representation of the Boltzmann factor as an average over

Gaussian random variables.
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4 Note Added in Proof: The requirement that 4, > 0 for all odd m is a sufficient condition
but not a necessary one, e.g., if k, = 0 for all m > 3, one may allow h;, > |hg|/p* or
ha 2z |ha|[p%



